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Let Q2 be a finite set of n elements, R a ring of characteristic p >0 and denote by
M, the R-module with k-element subsets of Q as basis. The set inclusion map
0: M, — M, _, is the homomorphism which associates to a k-element subset 4 the
sum o(4)=1I1+1,+ --- + I of all its (k — 1)-element subsets I";. In this paper we
study the chain

O=MyM My MM Mg (*)

arising from 0. We introduce the notion of p-exactness for a sequence and show that
any interval of (*) not including M, , or M, ., respectively, is p-exact for any
prime p>0. This result can be extended to various submodules and quotient
modules, and we give general constructions for permutation groups on 2 of order
not divisible by p. If an interval of (*) , or an equivalent sequence arising from a
permutation group on £, does include the middle term then proper homologies can
occur. In these cases we have determined all corresponding Betti numbers. A further
application are p-rank formulae for orbit inclusion matrices.  © 1996 Academic

Press, Inc.

1. INTRODUCTION

Let Q2 be a finite set and 2% the collection of subsets of Q. The inclusion
map on 22 is the linear map 0 given by d(4)=1,+I5+ --- + 1, when 4
is a k-element subset of 2 and when the I"; are the (k — 1)-element subsets

* E-mail: J.Siemons@UEA.AC.UK.

287
0097-3165/96 $18.00

Copyright © 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.



288 MNUKHIN AND SIEMONS

of 4. To make sense of this definition we regard the collection of Q-subsets
as basis of a module over some ring. So if R is that ring we denote
the module with 29 as basis by R2%. In particular, we put M, :=
{Xr,4|4<=Q, |4| =k, r,e R}. In this paper we study the sequence

O=MyM <M, MM <M > (1)

arising from 0. It is of course fundamental in many investigations in com-
binatorics and the subject of numerous papers.

Our interest concerns the homological properties of the sequence (I)
when the ring has prime characteristic p#0. The first main result,
Theorem 3.6, shows that all subsequences in (I) of the kind

. (_Mk72p<_Mk7p7i<_Mk7p<_Mk7i(_Mk (II)

are exact for every 0 <i<p in the “lower part” of (I), that is when
2k <|Q2|. Any sequence (I) for which all subsequences (II) are exact will
be called p-exact. This concept is interesting for several reasons. For one,
it gives an immediate formula for the p-rank of 0': M, —» M, _, as an alter-
nating sum of dimensions of the modules to the left of AM,. This in turn can
be viewed as an inclusion-exclusion principle and we suggest that p-exact-
ness is the natural interpretation for the p-rank formulae given in several
papers, see [1,2,4,16,17].

The “upper part” of the sequence fails to be p-exact. Nevertheless, we can
show that exactness holds everywhere except for some term near the
middle of the sequence. The precise result is contained in theorem 5.3 which
computes all Betti numbers.

These results are extended naturally to permutation groups on Q: If G
acts on Q it also acts on 22 and hence on each of the M. In Section 4 we
consider the submodules of elements fixed by G and study their homologi-
cal properties. The results in Sections 4 and 5 show that all the results
mentioned above hold for groups of order co-prime to p. In particular, the
Betti numbers of the fixed-modules give new invariants. In Section 6 we
give explicit values for the Betti numbers for cyclic groups in the case
of characteristic p=3. Another interesting application is obtained by
considering the case p =2. Here let 2 have size 2m and suppose that the
group G has odd order with n, orbits on k-subsets. We show that n,,=
2N, =Myt Ny 3 —Hyy st o).

We have also studied group actions on infinite sets and in particular the
question of p-exactness in subsequences of the corresponding sequence (I).
The techniques are somewhat different and so these results are contained
in another paper [9].
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2. INCLUSION MAPS

First we introduce the notation. Throughout this section let R be an
associative ring with 1 and let Q be a finite set of size #n. Then 2° denotes
the collection of all subsets of 2 and R2% denotes the R-module with 2¢
as basis.

For a natural number k the collection of all k-element subsets of € is
denoted by Q% and RQ*' = R2? denotes the submodule with k-element
subsets as basis. We will always abbreviate RQ{*! by M, as the context will
be clear. We refer to R also as the coefficient ring of M,.

For f=3r, A€ R2% the support supp(f) is the union of all 4 for which
r,#0 and the support size is | f| := [supp(f)|. Two elements f and g are
disjoint if supp(f) and supp(g) are disjoint sets.

The Boolean operations on 2 are easily extended to products on R2%.
The most important is the |J-product: if f=> f,4 and g=3Y g, I we
define fu g:=> I ;g (40 ). It is not difficult to see that this definition
turns R2% into an associative ring with the empty set as identity. In dif-
ferent guises this algebra has also been considered in [6, 11, 13].

The inclusion map 0: R2°? — R2% is defined by d(4) :=3, ., (4\a) and
extended to a homomorphism on R22 by (Y. f,4) :=3 f,0(4). Clearly,
this map restricts to homomorphisms 0: M, - M, _,. Very important is
the product rule:

If f and g are disjoint elements in R2% then
afug)=aflug+fuilg).

This can be verified easily. It shows that the inclusion map behaves very
much like differentiation and we often use the natural notation f' :=0( f)
and f(,v) - [f(x—l)]ll

For the remainder Q denotes a finite set of cardinality » unless explicitly
stated otherwise.

THEOREM 2.1.  For any associative coefficient ring with 1 the kernel of
0: M, - M, _, is generated by elements of support size at most 2k.

Proof. 1Tt is easy to see that the result holds when n :=|Q| =2. So sup-
pose that the theorem is true for all sets of size less than n. Clearly, when
2k = n there is nothing to prove. So suppose that 2k <n and let f be some
element in the kernel of 0: M, —» M, _,. If || f|| <2k we include fin the gen-
erator set. So we can assume that || /|| >2k. For any element « in supp(f)
we write f uniquely as f=a U f, + g in such a way that « does not belong
to supp(g) nor to supp(f,). By the product rule, 0=f"=a U (f,) + f,+ &
and as only the first term involves « we have (f,)' =0=f,+ g'. As || f, | <n
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we may assume that f, can be written as f,=h, + --- +h, where the /;
satisfy (h;,)’=0 and |A;| <2(k—1).

For each h; we select a point f;esupp(f) with o +# f; ¢ supp(h;). Note
that this is possible since | f| > 2k, and ||A;| +2 <2k. Now consider the
term G=(f,uh)+ --- +(f,Uh,). Computing G’ shows that G' = f,. As
0=/, + g we see that (g+ G)' =0, and as g+ G does not involve a, we
have ||g+ G| < ||f]| <n So we can write g+ G=w,;+ --- +w, where the
w; are elements in the kernel with |w;| <2k.

Therefore f=a v f,+g=av(hy+ - +h)—G+(w, + - +w,) =
oo (hy + -+ h) = [(froh)+ -+ (Boh)]l+ Wi+ F+w)=
(a=p)oh+ - +(a=F)Uh+(wi+ - +w) As [(a—)uh] =
(x—f) Uh;+ (a— ;) U (h;) =0 and as each (« — f;) U h; has support size
at most 2+2(k—1), we have expressed f by elements in the kernel with
support size at most 2k. ||

Remark. When the coefficient ring is a field of characteristic zero the
minimum support size of elements in the kernel is 2k exactly, and as gener-
ators one can choose signed dual cubes of dimension k. These are expres-
sions of the form (o — ;) U (a,—f) U -+ U(a,— f;). When k=3, for
instance, then (o; — f8,) U (a, — f,) U (a3 — f5) represents the faces of an
ordinary octahedron signed alternately +1 and —1, see [3, 14]. Further,
in [14] it is shown that these are precisely the minimum weight terms in
the kernel. Note also that signed dual cubes appear naturally in the proof
above in arbitrary characteristic.

However, when the coeffcient ring has characteristic #0, then there may
be elements of shorter support. Already for p=2 or 3 ordinary triangles
and tetrahedra belong to the kernel of 0: M, —» M, _, when k=2 or 3.

In a similar way we can determine the support size of generators of the
kernels of higher powers of 0. This is the next result.

THEOREM 2.2. For any associative coefficient ring with 1 the kernel of
"M, — M, _,,, where 1 <m<k, is generated by elements of the form
hou 4 where h belongs to the kernel of 0: M,._,, _— M, _,, and where 4 is
an (m — 1)-element set disjoint from h. In particular, the kernel of 0™: M, —
M, _,, is generated by elements of support size at most 2k —m + 1.

Proof. Evidently, (hu 4)" =0 by the product rule. The result holds
when 7 :=|Q2| =2 and so suppose the same is true for all sets of size less
than n.

Let f be some element in M, with /") =0 . As before, if « is in supp(f),
we write f=auUf,+g By the product rule, [ =au(f,)" +
mf" D4 g =0 and so (f,)"™=0=mf""V+g". As |f.|<n we
assume that f, can be written as f, =h, Ul + --- +h,u I, with il =0 and
(m —1)-sets I'; disjoint from h;. Then (f,)" " V=(m—1)! [+ --- +h,].
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Now let G=h, vl Upf,+ - +h,ul U, where f,#oa are points
disjoint from 4, and I';. Note that G =m! (h,+ --- +h,)=m(f,)" D
so that (g+ G)" =0. As supp(g + G) =supp(f)\{a} we employ induction
to write g+ G=w,ud,+ --- +w,u 4, with (w;))=0 and (m )sets a;
disjoint from w;. This gives f=a U f, + g=au f,—G+[w,ud, + --- +
wud]=@@uhul—pVhul)+ - +(ocuhsu1“s—ﬁsuhsu1“s)
+[wyudi+ - +w,ud,]=(a—=py)uhol+ - +(a—p)Uh,u T,
+[w,ud,+ - +w,ud,]. Clearly, [(x—pB,)uh,ul]"™ =0 and
((c— fy) U hy) =0 so that the main part is proved.

By theorem 2.1 the kernel of 0: M, — M, _, is generated by elements of
support size at most 2k and so the kernel of 0”": M, > M, _,, is generated
by elements of support size at most 2k —m+ 1. |

COROLLARY 2.3 (The Integration Lemma). Let 2k<m<|Q|. If
(m—2k)! has an inverse in R and if f € M, satisfies f' =0, then there is some
Fin M, , with F""= = .

m

Proof. By theorem 2.1 we write f as a combination f=w,+ --- +w,
where w;=0 and |w;| <2k. For each w,; sclect a set 4, of m—2k
points disjoint from supp(w;). Now consider F=((m—2k)!)~
[4,ow + -~ +4,0w,]. 1

LEmMMA 24. Let R be an associative ring with 1 of prime characteristic
p #0 and suppose that 0 <k <m <n (where n=1|Q|) are integers with m < p.
Then 0™~ %: M, — M, is injective if and only if m+k =n; it is surjective if
and only if m+k<n.

Proof. See Corollary 2.5 in [13].

For convenience we abbreviate Kerd'nM; by K; and 0 (M,, ;)=
Im0'nM; by I, ; where M; as before stands for RQ{”

LemmA 2.5. Let R be an associative ring with 1 of prime characteristic
p#0 and suppose that i, j are integers with 2<i<p and 2j<n-+1. Then
oK) =K.

Proof. Evidently o(K{)=K~]. So let feK/~|; we must find some
FeK; for which F'=f By Theorem2.2 we can write [ as
f=hvd, + .- +h,ud, where hyin M; , | with h;=0 and where 4
is disjoint from /£, and has size 1—2 for 1 <s<t, in terms of elements of
short support ||A,|| <2(j—i+1). Abbreviate Q\supp(/,) by Q,. Then
|Q,|=n—|h=zn—2(j—i+1)=(n—2j)+2(i—1)>0. Now consider
the map 0: RQU~Y 5 RQU=; as (i—1)+(i—2)=2i—3<2(i—1)+
(n—2j)<|Q,| by lemma?24 the map is surjective and there is some
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g,€ RQU'=1 for which 0(g,)=4,. Hence let F:=h,ug,+ --- +h,Ug,
and verify that F’ = f'so that also FV=0. |

3. HOMOLOGICAL SEQUENCES

Throughout this chapter R is an associative ring with 1 which has prime
characteristic p #0 . In particular, R is an algebra over GF(p). As p #0, the
crucial observation is that 07: R2° — R2% is the zero map. To see this let
A be any set of size d > p. Then 0”(4)=c Y I' where the summation runs
over all (d— p)-element subsets of 4 and where ¢ counts the number of
chains with I'=I'ycI'yc --- cI',=4.So cis p! =0.

The results in Chapter 2 lead us to investigate homology. We recall the
usual definitions: if y: 4 - B and {: B— C are homomorphisms then the
sequence 4 —» B— C is homological at B if Ker(y)2y(A4), and exact,
if Ker(y)=y(A4). A longer sequence, -« Ap<—A;, 1< Ay »<
Ay 3« --- 18 homological (exact) if it has that property at every A,.

Our main objective is to study the sequence

()4_()4_...<—O<—MO<—M1<—M2---Mk<—Mk+l<—Mk+2--- (1)

where as before M; stands for RQ!"}. Clearly, when R has characteristic 2,
then this sequence is homological. In fact:

THEOREM 3.1. Let R be a ring of characteristic 2 and Q a set of arbitrary
cardinality. Then 0 — My M, < M,--- <M, < M,, is exact for all
m<|Q)|.

Proof. It remains to show that Ker(d) nM,,<d(M,,, ). So let f be in
Ker(d) n M,,. For any point a in supp( f) write f uniquely as f=a U f, + g
where f, and g are disjoint from a. Then 0= f" so that f, + g’ =0. Now
consider F=a U g and verify that F'=au f,+g. ||

m —

For characteristic p > 2 we require a more general notion.

DerFiniTION 3.2, If 2 < p is some integer, then the sequence Ay« A4, «
Ay---A, <A, < A, is p-exact (p-homological) if A, — A, ;< A, ,
is exact (homological) for every 0 <k <m — p and every i, 1 <i<p. (The
arrows in A; < A, , ;< A, . , are the natural compositions of arrows in the
original sequence.)

So 2-exactness is exactness in the usual meaning and A,<« A4, <
Ay Ay Ay Ar o+ 18 3-exact if and only if both Ay — 4, — A5«
Ay~ Age— -+ — Ay 3 Az > Azy— -+ and Age— A, — A3 A5+
Age o — Ay 3 A5, Ay, --- are exact.
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We return to the sequence (1) above. To clarify the situation consider
the first members in 0« -+ «0eMyeM, <M, - - M« M, <
M, . ,---. The module M, consists of all R-multiples of the empty set in Q2
and 0« M, is the zero map. Further, if 2(p—1)<n and j< p—1, then
0’~": M, — M, is surjective by Lemma 2.4 and so we have

LemmA 3.3.  Let R have prime characteristic p #0 and 0 <2p <|Q|. Then
00 - «0My«M My .- <M, ,is p-exact.

Our aim will be to show that the lemma remains true for even longer
initial segments. For this reason we begin to consider the homology
modules. Let as before K}:=Kerd'n M, and I}, ;:=Imd n M, and put
Hy :=K/=**7[I~.

LEMMA 3.4. Let R have prime characteristic p #0 and 2j < |Q2| + 1. Then
Hk_Kj k+p/([k j+K )

J

Proof. 1t follows from Lemma 2.5 that K/~ **7=0""(K/Z}*7~1), so
that K/~{+7~'~K/~**7/K!  Similarly, I" J=0 NIk~ f“) and so
Ik f“~]" f/(KlmI" 0= (K +1;77)/K; by the isomorphism theorem.
Putting the expressions together we get H,L,(—Kj’ff“’*‘/l" I~

(K] P RDJ(K}+ T /KD =K P )T + K)o

THEOREM 3.5. Let R be an associative ring with 1 of prime characteristic
p#0 and let k —p < j<k be integers with k+j<|Q| . Then H, =0 for all
iwithk—p+1<i<j.

Proof. As 2i<|Q| the condition of Lemma 3.4 holds for H,. Further,
we have |Q|—2i>k—i and so the Integration Lemma implies that
Kicli "and I} '+ K]=1; " Therefore Hy ~H, | ,= - =H, ,. .

But H, _ ka K}7p+1/11’_‘ and since k+, <|Q| we have
|Q| —2(k—p+1)=p—1, it follows from the Integration Lemma that

K p+l_1£71' SoHi i1k =0. 1

An immediate consequence now is

THEOREM 3.6. Let R be an associative ring with 1 of prime characteristic
p#0. If 2k<|Q|, then O« ... «0MyM, <M, ---M,_,«
M, _ < M, is p-exact.

At this point the only result about the “upper part” of the sequence (1)
is Theorem 3.1 for the case p=2. If p #2 the sequence certainly remains
p-homological but examples show that it may fail to be exact. Therefore the
question about homology modules arises. We will deal with this in the next
section.
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4. GROUP ACTIONS ON 2

Let g be a permutation of . Then g acts on 2° by 4 > 4% :={5%|de 4}
which can be extended linearly to all of R2° by g(Xr, A)=r 4% It is
not difficult to see that g commutes with 0 and so

00 - «0eMye-M, M, M <M, <M, ., (1)

is invariant under any set of permutations.

As before let R be an associative ring with 1 of prime characteristic p #0.
Then the orbit module in M, is OF :={f|feM, and gf = ffor all ge G }.
We will omit the superscript as it will be clear which group it refers to. The
natural basis for O, are the “orbits sums” A=3 ,._,c 4% where A as
usual denotes {4% | ge G}.

Now define two linear maps y: M, — O, through

y1(4) =4 and, when p does not divide |G|,

ya(4)=1G|~" 3 4.

gel

Note that y,(4) =14 y,(4) and that y, restricted to O, = M, is the
identity map. Consider therefore the diagram

0 14 0 1%

M, _, M, M, ——

MR

(U O Oy «—

which can be completed at the bottom: As 4,, 4, € A¢ implies y,(04,) =
71(04,) we put 0,(4) :=y,[0(4,)]. Similarly, if p does not divide |G| then
0, is given by 0,(4) =7y,[d(4)].

Denote the number of G-orbits on Q%! by n,(G). It is well-know [5]
that for 1<k <|Q|/2 we have n,(G)<n,(G). Define the orbit inclusion
matrix W, (G, Q) as the matrix whose columns are indexed by G-orbits on
Q% its rows by G-orbits on Q1" and with (i, j)-entry, for a fixed k-set I’
in the jth orbit, counting the number of z-subset 4 < I" belonging to the ith
orbit.

It is easy to see that the matrix of 0, (for the natural bases) is
Wi _1.(G) viewed as a matrix over R. If the matrix of 0, is W¥_, .(G)
and n the cardinality of 2 one shows easily that for any s <t

WE(G) =[W, ., (G)]" (3)
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In general, if D, is the diagonal matrix (|4¢], |45],..) and D, the
diagonal matrix (|I'{|, |I'§], ..) where the 4, and I, run through systems
of s-orbits and #-orbits of G respectively, then the relation between W (G)
and W*(G) is

Wi(G)=D,W,(G)D,". (4)

t

For the remainder we will deal only with the case when p does not divide
the group order. This is an essential restriction as some examples will show
later.

In view of (4) it is not surprising that the theory for 0, and 0, essentially
is the same:

THEOREM 4.1. Let R be an associative ring with 1 which has prime
characteristic p #0 . Suppose that G is a permutation group on Q with order
co-prime to p. For p>2 and 2m < |Q2| the sequence

O(_0(_"'(_0(_(0)0(_@1(_'”(_@"171(_@"1 (5)

is p-exact for both 0, and 0,. If p =2, then the same is true for all m < |Q|.

Proof. 1In both cases y is surjective and so the sequence is p-homologi-
cal. First we deal with d,. Note that 0, is just the restriction of 0 to the
subspace Oy, ;S M, , ;. So, if xe O, ,; satisfies (9,)’ x=0 then x"/)=0.
Hence, by theorems 3.1 and 3.6 we find some X in M, , , with X»~/) =x
and so y,(X)€0,,, , satisfies [y,(X)]” 7 =yp,(x)=x.

Regarding 9, we know already that Ker(d{)nO,,, ;20" /(0,,, ,).
From (4) we conclude that the powers of 0, and 0, have the same rank and
the same nullity. Therefore dim(Ker(d]) n0,,, ;) =dim(Ker(d5)n0,,, )
and dim(0{"~/(0,,, ,))=dim(@0y¥ (0, ,). As 0¥ (0, ,) =
Ker(04) n O, ; by the first part, Ker(d{)n O, , ; and 0{"/(0,,, ,) have
the same dimension and so are equal. ||

As an application we determine the p-rank of the inclusion matrices
W.,(G). Let n,(G) as before denote the number of G-orbits on Q%)

THEOREM 4.2. Let G act on the finite set Q. If p is a prime not dividing
the order of G let s<t be be integers such that t —s<p and t+s5<|Q]| .
Then the p—mnk Of Wst(G) is ZO<i<2/p nsfip(G) _ntf(i+1)p(G)°

Proof. By theorem4.l the sequence O+« ... « 0%  « 0f «

t—2p s—p
G G :
07 ,<07<0,Gis exact. |

Remarks. (1) In the special case when G is the identity group we have

a formula for the p-rank of the incidence matrix W,, of s-subsets in #-sub-
sets of Q. It agrees with the results of Linial and Rothschild [4], Frankl
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[1], Frumkin and Yakir [2] and the theorem of Wilson in [ 16]. The for-
mulae given there were obtained in rather different ways, and the implicit
inclusion-exclusion principle appears mostly without proper explanation.
Here this principle appears as an entirely natural consequence of p-exact-
ness. So we contend that the notion of p-homology and p-exactness is
indeed the natural way to study these phenomena.

(2) So far the rank formula above is restricted to the case when
t—s<p. It may be possible, however, to obtain corresponding results for
general s <t by extending the arguments of p-homology.

5. THE UPPER PART OF THE SEQUENCE: BETTI NUMBERS

We now concern ourselves with the upper part of the orbit module
sequence (2) when

"_®m—1‘_®m‘_®m+1‘—""—@|Q\—1‘—®|Q| (6)

is p-homological but not necessarily p-exact. For the remainder let R be a
field of characteristic p and G a permutation group on 2 of order co-prime
to p.
We define the Betti numbers of the sequence (6). When j<k and
k—j<p put
¢ :=dim[Ker(95~*~) n0,] —dim 05 /(O,). (7)

Jk T

By (4) the powers of 0, and 0, have the same rank and nullity, so that
the Betti numbers for 0, and 0, are the same.
We begin to evaluate these invariants. Theorems 3.1 implies directly

LemMA 5.1, If G has odd order and if p =2, then 5 =0.

Further, theorems 3.6 and 4.1 give

LemMA 5.2. (The Balance Condition). Let j<k and k—j<p. If
J+k<|Q| then 5, =0.

If 0<r<g<p, we say that the subsequence

0, ,<0,0,c0,,,<0,,,<0,,,« - (8

4 r+p q+p

of (6) has type (r, q) or is an (r, q)-sequence. Here for indeces j <0 we have
put O;=0 and arrows are appropriate powers of d. As before n;(G) is the
number of G-orbits on j-element subsets for 0< ;< ||, and for con-
venience we put 7,(G) =0 for all other values of ;.
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For such a sequence let r* <g* be the least indeces for which
r*+g*>1Q|. So O, < O« is the first arrow in (8) for which the Balance
Condition fails. The next result determines all Betti numbers.

THEOREM 5.3. If the order of G is not divisible by the prime p, then the
sequence (8) of type (r, q) is exact everywhere except (possibly) at O+, «
0,+ < O+ when

ﬂr*q* = Z Ny +kp(G) - nq* +kp(G)

kez

= z nr+kp(G)_nq+kp(G) .
keZ
Proof. It will be useful to put B;:=3,_, 1, 4,(G)—n,,,,(G). Let
and { be the occurances of 0, in
Op_pe—0p—L— 0, (9)
and

4

®}77r*—~)® > ®n7r*fp (10)

n—q

Clearly, the Balance Condition implies that (10) is exact. Further, (9) is
exact except (possibly) at O,.. According to (3) and (4) the maps { and
have the same rank. Therefore

rank = [1,(G) — s (G) + 1y (G) = -+ ] = Broye

=rank {=[n, (G)—n, . (G)+n, . (G)—---]
So PBrigr = [1,:(G) =y J(G) +np (G)— -] —[n, ,(G)—
n, _(G)+n, ,_,(G)—---] and using n,(G)=n,_,(G) we see that

Pregr=B,,.
Next we show that the first Betti number “to the right” of f,. . is 0. So
consider the maps ¢ and { in

and

0, .—0

n—q @

n—r¥*—p n—q*—p

As ¢ and { have the same rank by (3) and (4) we get

rank Y = [1n,(G) —n,(G) +nye [ (G)— - 1= [ Byr ot p— Bre gv]
:rankgz[nn—l'*—p(G)_nn—q*—p(G)+nn—r*—2p(G)_ ]
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Note that in the expression for rank({) no Betti numbers appear since
2n—(r*+¢q*)— p<|Q| so that the Balance Condition applies again.
Therefore, f,+ ,+,— B+=B, .., and from above we get S, ,«,,=
B, ,.,+ B,,. But a simple calculation shows that the latter expression is 0.
The same arguments apply to the remaining Betti numbers. |

Thus Betti numbers are determined entirely by the type of the relevant
subsequence of (5). There is at most one non-zero Betti number in a
sequence of type (r, ¢), this is denoted by f, , (G, p). So we have the

COROLLARY 5.4. Let G be a group acting on Q and p>=2 a prime not
dividing the order of G. If 0 <r<gq<p, then 0< B, , (G, p) <n,«(G).

Remark. 1f p>|Q| then B (G, p)=n(G)—n,(G) and so for
p > |G| the inequality 0 < 8, (G, p) implies the theorem of Livingstone &
Wagner [5].

6. SOME EXAMPLES FOR SMALL CHARACTERISTIC

Theorem 5.3 yields already interesting consequences for small primes.
Here we investigate only the case when p=2 or 3.

6.1. When p=2 and G Has Odd Order

The only type for a sequence is r=1, ¢ =2, and instead of §, ,(G,2)
we simply write fS(G,2). From the formula in Theorem 54 we see
that B(G,2) =X, i u(G) =1y ol(G)| = | —no(G) +ny(G) —ny(G) +
ny(G)— ---|. When |Q| =n is odd, using the fact that n,(G)=n, _,(G), we
see of course that f(G, 2)=0.

However, by Lemma 5.1, we known that (G, 2) is zero in any case.
So, when n=2m, then B(G,2)=|—ny(G)+n(G)—ny(G)+n;(G)— ---|
can be arranged as 0=p(G,2)=n,(G)—2[(n,,_(G)—n,, _(G))+
(n,,_5(G)—n,,_4G))+ ---]. Therefore we have

THEOREM 6.1. If G is a group of odd order acting on a set of size 2m,
then n,,(G)=2[ (1, _1(G) =, _(G))+(n,_5(G)—n,_4(G))+ -1

The condition that G has odd order is indeed indispensable: Already
G = C, acting naturally has n;(G) =4 #2[(ny,(G) —n,(G)) +no(G)] =6.
6.2. The Case p=3 and G has order prime to 3

Here the only types for sequences are (r,q)=(1,2),(1,3) and (2,3).
Writing down the various values of » modulo 6 we first work out the
possibilities for r* and ¢*. Then, using the formula in Theorem 5.3 we
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observe that in each case two of the Betti numbers are equal, while the
other is zero. So we denote the only relevant Betti number by f(G, 3). For
n=2m theorem 5.3 yields

B(G,3)=n,(CG)—n, (G)—n, (G)+2n, 5G)
_nm—4(G) _nm—S(G) +2nm—6(G)
=1, (G)—n,, §(G)+2n, oG)---. (11)

Q

And when n=2m + 1 we get

B(G,3)=n,(G)=2n, (G)+n, »(G)+n,,;(G)
- 2”}1174(G) +nn175(G) +”m76(G)
—2n,, 4(G)+n, _§(G)+n, oG)---. (12)

In contrast to the case of characteristic p =2, we have no independent
information about (G, 3) apart from the inequalities of Corollary 5.4.
Evaluating these give

THEOREM 6.2. Let G be a group of order co-prime to 3 acting on the set
Q of size n and let N:=3%,_, n,(G).

(i) Ifn=2mthen (N —3n,(G))/6 <X <k ny_3(G)<(N—n,(G))/6,
and

(i) if n=2m+1 then (N—2n,(G))/6 <X\ <xn, 1 u(G)<N6.

Remark. Returning to the formulae (11) and (12): It would of course
be quite interesting to determine those groups for which S(G, 3) vanishes.
We have done further computations and would like to mention some of
our observations. If G is either the identity group or the cyclic group C, of
prime order ¢ # 3 then one of the Betti numbers is 0 while the other two
are f(G,3)=1. (To do this, first write down the number of G-orbits on
k-element subset and then make use of Problem 8, page 161 in [12]). We
are led to conjecture that f(C,,,, 3) =0 for m not divisible by 3. In support
of this we have verified that f(C,y, 3) = f(Ci4,3)=P(Cis,3) = p(Cy, 3) =
p(C,,, 3) =0. More generally: Characterize the groups with (G, p) =0.
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