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1. Introduction

The subject of this paper is an invariant which one may define for an arbitrary
group action. So let G be a group and let (G, Q) be an action. Then G acts
naturally on {A : A C Q} by setting G 3 g: A A9 := {69 : 6 € A}. Two sets
A, T C Q are called isomorphic, denoted A = T, if they are in the same G-orbit and
they are called hypomorphic, denoted A ~ T, if there exists a bijection h : A —» T’
so that for all 6 € A we have A\ {0} = T'\ {h(d)}. Then A is reconstructible, if
all sets hypomorphic to A are isomorphic to A. The reconstruction index p(G, Q)
now is the least integer r so that every finite Q-subset of r or more elements is
reconstructible. If no such r exists, put p(G, ) = co. The ideas which motivate
this definition are discussed in Section 2.

It is clear that we may assume that the permutation action is faithful and so
we can restrict ourselves to permutation groups. In this paper we determine the
reconstruction index for all semiregular permutation groups. To state the result
for finite groups let £y denote the collection of all subgroups of the following;:

(i) extensions of an elementary abelian 2-group V' by a cyclic group of order 3

or 5 acting fix-point-freely on V,

(ii) the holomorph of a cyclic group of order 3, 4 or 5,

(iii) the symmetric group Sym,, or the alternating group Alts.

*We acknowledge support from the Leverhulme Foundation for a Project on Reconstruction
Indices.
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Let also Q denote the quaternion group of order 8.

Theorem 1.1. Let (G, Q) with 1 < |G| be a finite semiregular permutation group
with 6 < Q] < oco. Then 3 < p(G,Q) <5 and the following holds:
(i) If G contains a subgroup isomorphic to Q, then p(G,Q) = 5.
(ii) If G belongs to Ly, then p(G,Q) = 3.
(i) In all other cases p(G,Q) = 4.

For infinite groups a similar result holds. We denote by £ the family of all
infinite groups G for which
(i) every element in G has finite order,

(ii) every finite subgroup of G belongs to Ly, and
iii) if g, h € G satisfy g = h? # Id, then ¢ = h~! and g, h have order 4.
(iii) if g, Y9 : g 9,

Theorem 1.2. Let (G,Q) be an infinite semiregular permutation group. Then
3 < p(G,Q) <5 and the following holds:
(i) If G contains a subgroup isomorphic to Q, then p(G,Q) = 5.
(ii) If G belongs to L, then p(G, ) = 3.
(iii) In all other cases p(G,Q) = 4.

The proofs of Theorems 1.1 and 1.2 are completed in Section 6. In Section 3 we
discuss the main bounds for the reconstruction index of a semiregular group. The
same basic theorem applies also to subgroups of Frobenius groups or Zassenhaus
groups. Here the reconstruction index can be bounded above by 10 and 16, respec-
tively, but we have no further classification in these cases. Several recent papers
[14, 19, 20, 10] deal with reconstruction problems closely related to semiregular
groups. Many of these results follow directly from Theorems 1.1 and 1.2. Some
reconstruction problems more generally deal with decks. In many situations the
main results here can be adapted to deck reconstruction, see the comments in the
following section.

2. Some remarks on the reconstruction index

The reconstruction index belongs to the less well-known invariants of permuta-
tions groups, with general references restricted to Cameron’s ‘Open problems in
permutation groups’ in [4] and Babai’s article in the Handbook of Combinatorics
[2]. A few words about the reconstruction index may therefore be useful. The
term itself refers to the famous 1942 reconstruction problem of Ulam and Kelly
about reconstructing a graph from the isomorphism classes of its vertex deleted
subgraphs. Since then many reconstruction problems have been proposed, and as
we shall see, many can be treated in terms of reconstruction indices. The idea of
interpreting such problems more generally as a property of permutation groups,
as far as we are aware, has been formalized first in Mnukhin’s 1987 paper [12].
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The process of translating a particular combinatorial reconstruction problem
into the permutation group problem is not entirely obvious and will be best illus-
trated by some examples.

We start with the original Ulam and Kelly problem. Let £ be the countably
infinite vertex set of the random graph R. Then every subset A C  inherits
from R the structure of a graph, and it is a fact that every finite graph occurs
in this fashion. The fundamental property of Gr := Aut(R) is that any two k-
element subsets of 2 belong to the same Gg-orbit, if and only if the two sets are
isomorphic as graphs on k vertices. In particular, two hypomorphic subsets of 2
are exactly the same thing as two abstract graphs which satisfy the assumption
of Ulam’s conjecture. The graph A therefore is reconstructible from its vertex
deleted subgraphs if and only if A C 2 is reconstructible, as defined here, with
regards to Gr. Ulam’s conjecture is the statement that p(Gr, ) = 3. Note in
contrast that Gr has p(Gr, Gr) = 5 in the regular action: a short argument due
to David Evans shows that the symmetric group on a countably infinite set can
be embedded into Gg. In particular, @ C Gg and so p = 5 by Theorem 1.2 (i).

The reconstructability of a graph from the isomorphism classes of its edge
deleted subgraphs translates as follows. Let V be a set of vertices and let V{12} be
the collection of all unordered pairs from V. Let G be Sym(V') acting naturally on
V{2}. Then every graph with vertex set V can be identified as a suitable £ C V{2}
representing its edges. Furthermore, two graphs (V, E) and (V, E*) are isomorphic,
if and only if F and E* are in the same G-orbit. Therefore two graphs satisfying
the hypothesis for edge reconstruction correspond to hypomorphic subsets, and so
the edge reconstruction conjecture is that p(Sym(V), V{2}) = 4 for all |[V| > 4. As
a general reference for results on graph reconstruction see Bondy’s article [3]. We
mention also that often there is more than one way to translate the reconstruction
problem into a permutation group problem.

Other reconstruction problems occur naturally in design theory and coding
theory, for the latter see also [9]. Several papers ([19, 20, 14, 10, 6]) consider the
reconstruction of configurations, sequences or of sets of group elements and often
one can identify these as group reconstruction problems.

We now consider a characterisation of the reconstruction index in terms of
orbits on the power set of Q. Let (G, Q) be a permutation group with Q finite.
Then G acts naturally on the collection Q¥ of all k-element subsets of Q. List
the G-orbits as {O;  : 1 < i < ny} on O} where n; denotes the number
of such orbits. For A € Q*} with 1 < k < |Q| define the vectors ¢*(A) =
(cf,...,cj,...,ci‘kﬂ) and ¢ (A) = (cl_,...,cj_,...,c;kil) by

¢t ={T €0; k11 : ACT} and cj = HT' € O, -1 : A DT}

A deck, more generally, is a function such as ¢~ (A) which records the containment
in A of subsets from O; - for various k* < |A|. While decks will play no further
role here some of the following results, and in particular Proposition 2.1, are easily
adapted to decks.
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Clearly ¢t and ¢~ are invariant on each O; j and for certain k’s are even full
invariants:

Proposition 2.1. (Theorem 4.2 in [21]) Let A, A* € QF} where 2k 4+ 1 < |9).
Then A and A* are isomorphic, if and only if ¢T(A) = ¢ (A*).

Proof. The idea is that the ¢t (A), with A € O, and 1 < i < ny, form the rows
of a matrix of size ny X niy1 which can be shown to have rank nj. In particular,
all rows are different. O

By definition A C Q is hypomorphic to A* C Q, if and only if ¢~ (A) = ¢ (A*).
On the other hand, by giving a k-set and its complement the same orbit index, it
is also clear that the O; j can be indexed such that ¢t (A) = ¢~ (22 \ A). Hence

Proposition 2.2. Let A, A* € QU with |Q| < 2k be hypomorphic. Then A and
A* are isomorphic. In particular, p(G,Q) < % +1.

This bound is best possible in general. The quaternion group of order 8 is
remarkable in several respects. First of all, it meets this bound with p(Q, Q) =5
in its regular representation, the details are given after the proof of Theorem 4.2.
It is also a counter example to Theorem 7.6 in [2] and to Theorem 6.1 in [4]
which give bounds for p(G, Q) which are similar to the one above. Livshiz [7] has
examples of intransitive 2-groups of arbitrarily large degree with p = 5 + 1.

Now suppose that the orbits {O; , : 1 < i < n,} are given for some fixed r
with 2r < |Q] 4+ 1. Using Proposition 2.1 one can use the c¢*-vectors to work out
successively {O; -1}, {O;, r—2},... and so on. If r > p(G, Q) — 1, then {O; ,41},
{O;, r42}, ... etc. can be determined from the ¢~ - vectors. Hence the orbits on
all subsets can be reconstructed from {O; , : 1 <i < n,} by this simple counting
procedure, as long as p(G,Q) —1 < r < [Q|/2. Thus p(G, Q) — 1 is the least value
for which this is possible and this may serve as an additional characterisation of
the reconstruction index.

This paper is based almost exclusively on an extension of Nash-Williams’
Lemma [18] due Alon et al. [1], see also the paper of Miiller [17].

Proposition 2.3. Let (G,Q) be a permutation group. Suppose that A C ) is not
reconstructible and that for some S C A the setwise stabilizer Gg is finite. Then
for every set K with S C K C A and |K| = |A| (mod 2) there is some g € G with
ANAY =K.

Little appears to be known about the reconstruction index in general. Indeed,
it is rather difficult to link this invariant to other permutational properties. Apart
from the case of abelian groups dealt with in [13] the classification here, as far
as we are aware, is the only general class of permutation groups for which the
reconstruction index is known.
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3. The main bounds

From now on we assume that (G, Q) is an arbitrary permutation group and, unless
stated otherwise, we do not assume that G is finite. From Proposition 2.3 we first
obtain a general bound for semiregular permutation groups.

In [13] it was conjectured that the reconstruction index for a regular group is
at most 5. This is true even more generally for semiregular groups:

Theorem 3.1. Let (G,9) be semiregular with 1 < |G| and 4 < |Q)]. Then 3 <
p(G,Q) < 5.

Proof. Suppose that A C Q with m := |A| > 5 is not reconstructible. In Propo-
sition 2.3 take S := {d} for some § € A. Then Gy is finite and for any K with
S C K C A and |K| = |A] (mod 2) there is a g € G with ANAY = K, by
Proposition 2.3. For any such K we have 6 € K and so |[g € G : § € A9| > 2m~2,
The number on the right is the number of sets K with S C K C A and |K| = |A|
(mod 2). The number on the left is at most |A| = m, a contradiction. Hence
p(G,Q) <5.

Assume first that G is regular and so is not 2-homogeneous. Since G is
1-homogeneous all 2-element subsets are hypomorphic and so the lower bound

follows in this case. Next assume that G is intransitive with orbits 21,29, ... and
let @« # 5 € Q1 and v € Q3. Then {«,v} and {8,~} are hypomorphic, but not
isomorphic. This completes the proof. O

In the next two sections we shall examine these bound more closely and classify
groups accordingly. First however we note that the same principle can be applied
to two other important classes of permutation groups.

Theorem 3.2. Let G be a permutation group on 2. If the pointwise stabilizer G
of every two points is 1, then p(G,Q) < 10. If the pointwise stabilizer in G of
every three points is 1, then p(G,Q) < 16.

Proof. If the stabilizer in G of every two points is 1, suppose that A with |A] =
m > 10 is not reconstructible. In Proposition 2.3 take S := {«o, 8} C A. Then
Gy is finite and for any K satisfying S € K C A and |K| = |A| (mod 2) there
isag € G with ANA9 = K. Since S C K for any such K it follows that
lg € G : S C AJ > 2m=3. Further, since m > 10 it follows that 2m~3 >
2(%‘). But this implies that the pointwise stabilizer of {«, 3} is not trivial, a
contradiction. A similar argument can be used for the case when the stabilizer in
G of every three points is 1. a

This theorem applies for instance to all Frobenius and Zassenhaus groups and
it would be interesting to evaluate the index for such groups. Moreover, it would
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be interesting to decide when the bounds are sharp, if at all. In the manuscript [14]
the indices are computed for many small linear groups in their natural representa-
tion. Such computations are quite involved and, with the kind permission of the
author, we will record some of his findings to make these more widely available.
For instance, it is shown that AT'L(1, 16) has reconstruction index 7 in the nat-
ural representation, while AGL(1,16), AGL(1,11), AGL(1,23) and subgroups of
index 2 in AT'L(1,16) all have index 6. The projective linear groups PSL(2,11),
PGL(2,11), PGL(2,16), PGL(2,17), PSL(2,19) have index 7 in their natural
representations, PSL(2,17) has index 6 while PGL(2,13) and PSL(2,13) have
index 5. These examples show that any classification for the affine and projective
linear groups will not be quite as straightforward as the main theorems here.

4. The case p=5

Let G be a permutation group on (2. Following Wielandt, a subset B of (1 is a
block of G if for each g € G either B9 = B or BN B = ().

Lemma 4.1. Let G be semireqular on  and let A, A" C Q be hypomorphic and
non-isomorphic sets of cardinality 4. Then there exists a block B with A C B C
of size 7 or 8 such that the setwise stabilizer G is reqular on B. Furthermore,
there exists some g € G such that A, A’ C B are hypomorphic under the action
Of GB,

Proof. Let A = {a, 8,7,6}. It follows from Proposition 2.3 that:
VS C A with |S| = 2 there exists g € G such that ANAY = S. (%)

For a € Q set S, := {A* € A9 : a € A*}. As G is semiregular it follows that
[Sa| < 4. Also, if |S,| # 0, then |S,| > 4 by (x). Therefore |S,| = 0 or 4 for any
o € Q. It is not difficult to see that

So = {{a, 8,7, 0}, {e, B, 2, y}, {a, v, 2, 2}, {a, 0,9, 2} }

for some distinct x,y,z2 € Q\A. Let M :={A%:ge G and AIN{a, 3,7,,2,y,2} #
0}. By (x) M contains sets Xi, Xo, X3 with {3,7} = AN Xy, {3,§} = AN X,
and {v,0} = AN X;s. Hence |[M| > 7. Now if X1, X5, X35 C {¢,3,7,6,2,y, 2},
then |M| = 7 since each a € {a,f,7,0,z,y,2} must then occur in exactly 4
sets from M. Assume now without loss of generality that X; = {f8,v,w,v} €
{a, 8,7,0,z,y,z}. Ifv & {a,B,7,0,2,y,2}, then by () there exist f # h € G
such that {8,w} = X; N A/ and {3,v} = X; N A". This gives |Sz| > 5, a
contradiction. Hence v € {«,d,z,y, 2z} and a similar argument shows that every
set from S, is contained in {a, 3,7,0,x,y, z,w}. Therefore S, US,, C M. But
since each a € {«a, 3,7,0,x,y, z,w} must then occur in exactly 4 sets from M we
have M = S, U S, and so |M| = 8.
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Now |M| =n € {7,8} and we set

B::{aaﬁ77)67$7yaz} or B::{a7/677’67x5y7z7w}

correspondingly. Write M = {A; = A, Ay, ..., A, }. Let g; € G be the permuta-
tion with A% = A, fori € {1,...,n} and put G* = {I; = g1,...,9.}. We note
two simple facts: firstly, since G is semiregular and |G*| = |B] it follows that for
a € {a,f,7v,0} and g € G we have a9 € B if and only if g € G*. Secondly, for all
s € B\{«, 3,7,0} there exist a,b € {a,3,7,d} and g € G* such that a9 = s and
b? € {a,B,7,0}. (Looking at the S, and X, Xo, X3 it follows that at most one of
the sets in M does not contain at least two elements from {a, 3,7,0}).

We now show that B9 = B for all g € G*. Thus, assume that s9 ¢ B for some
g € G* and s € B\{«,3,7,0}. Then, as we have just shown, there exist h € G*
and a,b € {a, 3,7, 8} such that a" = s and b" € {a, 3,7,6}. Then b"9 € B implies
that hg € G*. However, a9 = s9 ¢ B, a contradiction. In particular, B% = B for
all g; € G* and so G* is a group of order | B| acting regularly on the points of B.

Thus BY = B for ¢ € G* where |G*| = |B|. So for all h € G\G* we must
have BN B" = (. So indeed B is a block. Further, Gy is a regular on B, (since
G*| = |B)).

The fact that there exists g € G with A’ C B is easy: clearly, there exists
h € G with A = {a,3,7,t} for some t € Q\A. If t ¢ B, then {a,f,t} is
not contained in B but all maximal subsets of A are contained in a block, a
contradiction. (]

Theorem 4.2. Let (G,Q)) be semiregular with 1 < |G| < oo and 4 < || < 0.
Then p(G,Q) =5, if and only if G contains a subgroup isomorphic to Q.

Proof. By Theorem 3.1 it follows that p(G,) = 5, if and only if G has non-
reconstructible sets of cardinality 4.

Let G be semiregular on 0 with hypomorphic sets A % A’ of cardinality 4.
Then determine B and ¢ as in Lemma 4.1 and so A, A’? C B are hypermorphic,
but not isomorphic under the regular action of Gg on B. Since |B| = 7 or 8 we
need just inspect the regular groups of degree 7 and 8. The only one with such
orbits is Q. Hence, if p(G,2) = 5, then G must contain Q as a subgroup.

Conversely, let G contain a copy of Q. Then, see page 29 of [5], there exist
distinct g, h,k € G with g = h? = k? = ghk # Id. Then g, h and k have some
cycles which contain at least three points, say g = (i‘ é :::) from which it follows

that h = (O‘ 2 ) and k = (a 3 ) for some 1,2,3,a,83 € Q. The conditions

28 - 38 -
imply that ¢> = ghk = kgh = hkg and hence g = (‘f‘ﬁl g ), h o= (gé é o)
and k = (gg f f_‘:). It is a simple matter to check that A := {1,2,3,a} and

A’ :={1,2,3, 3} are hypomorphic, but not isomorphic under the action of G. O

The quaternion group of order 8 is quite special and it may be worth to write
out the details for Q in its regular action on itself. Let its generators be g, h, k :=
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gh with ¢* = 1 = h* = k* and ¢ 'hg = h3. Then it is easy to check that
A :={g, h, k, ghk} and A’ := {g, h, k, 1} are hypomorphic, but not isomorphic.
Each set has 8 images under Q and together these 16 sets form the facets of a
hyperoctahedron (or cross-polytope) in dimension 4.

Furthermore, for any integer j > 0 let M; denote the vector space over the
rationals whose basis vectors are the j-element subsets from Q. We may then
consider the linear map 0 : M; — M;_; which maps each set I' onto the formal
sum of its subsets of cardinality |T'| — 1. If we regard AC := Y wco A? and

A’Q = D aco A’ as elements in My, then 0 # AC — A’Q is in the kernel of
0 : My — Ms. (This property, suitably stated, is indeed equivalent in general to
saying that two sets are hypomorphic, but not isomorphic.) In addition, one can
show that the minimum weight in the kernel of 9 : Mj, — Mj_; is 2* and so we

see that AQ - A/ Q is a minimum weight vector in this kernel. For more details
see Theorem 2.2 in [16].

5. The case p=3
We begin with a simple lemma.

Lemma 5.1. If (G,Q) is semiregular and if there is some g € G with 5 < |g|,
then 4 < p(G,9Q).

Proof. Since G is semiregular g contains a cycle of the kind (123456...). Then
A= {1,2,4} ~ A" := {1,3,4} since {1,2} =~ {3,4}, {1,4} = {1,4} and {2,4} ~
{1,3}. Further, if A" = A’ for some h € G, then h = g2 or g® but this is not the
case. |

For the proof of the next result the following notation will be useful. Let g be
a permutation of = {1,2,...}. Then we write, for example, g = (123 — 79—) to
indicate that the only known information about g is 19 = 2, 29 = 3 and 79 = 0.
Also, g = (123)* means that g is the product of the 3-cycle (123) and some
permutation * of Q\ {1,2,3}.

Lemma 5.2. Let (G, ) be semiregular with 6 < |Q| and suppose that |g| < 5 for
all g € G. Then there are non-reconstructible sets of cardinality 3, if and only if
there exist distinct elements 1 # g, h € G for which one of the following holds:

(i) ¢>=h*#1Id and g# h~t, or

(ii) gh = hg with |g| - |h| > 4 and (g) N (k) = Id.

Proof. We begin with the ’only if’ part of the lemma and assume that A :=
{a, 8,7} ~ A" :={a, 8,6} are hypomorphic, but not isomorphic sets of cardinal-
ity 3.
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Since A ~ A’ there exist g,h € G which perform the isomorphisms between
{a,7},{B,~} and {«, ¢}, {B,d}. There are 5 possibilities:

A) g = (yad=), h = (v45-),

B) g = (af —70-), h = (Bor = 76-),

C) g=(af —~70=), h= (85 - ya—),

D) 9= (a5 _'Yﬂ_)v h = (ﬂO& _75_)’ or

E) g =(ad —yf-), h= (80 —~ya—).

In CASE A it is clear that ¢g> = h? # Id. Further, if ¢ = h™!, then it follows
that g = (yadB3)*. But then AY" = A’, a contradiction.

In CasE B we must have g = (af)(7d)* and then A9 = A’, a contradiction.

1

In Cask C it can be seen that h9 = h9 = h~!. It follows that hg? = g2h.
Now assume that |h| = |g?| = 2. Then h = (85)(ya)* and g = (aBzy)(ydab)*
for certain z,y,a,b € Q. Then g% = (az)(By)(va)(db)x. The condition hg? = g*h
implies that h = (80)(ya)(za)(yb)x. Then hg = gh and |g| # 2. Hence either
g*h = hg? with |g?| # 2 or gh = hg with |g| # 2. We now show that (g) N (h) = Id
and so also {g%) N (h) = 1. If (g) N (h) # Id, it follows that 8 and § are in the
same cycle of g since they are in the same cycle of h. Also, since |k| < 5 for all
k € G it follows that one of the following three cases holds:

i) g = (aBy0)%,

ii) g = (afBz~yd)* for some x € Q, or

iii) g = (afydy)* for some y € Q.

In case i) AI = A', a contradiction. In the last two cases it follows that ¢ =
h = g3, a contradiction. We note also that CASE D is the same as CASE C on
interchanging « and (.

In CASE E it is clear that gh = hg. Also if |g| = |h| = 2, then g = (ad)(y6)*
and h = (39)(ya)*. It follows that A" = A’, a contradiction. Finally, in a similar
way to the last case we can show that (g) N (h) = Id.

Now consider the converse. First assume that there exist distinct g, h € G with
g?> = h? # Id and g # h~'. It follows that ¢ = (1a2—) and h = (132—) for
some 1,2, a, 3 € Q. It is clear that the sets A := {1,«, 8} and A" := {2, , 8} are
hypomorphic. We show that they are not isomorphic. If A¥ = A’ for some k € G,
then o = 2 or 3. The first case implies k = ¢, but this would require that 89 = g,
a contradiction. The second case implies kK = g~ 'h. Under the action of k we have
8% =2 or a.. In the former case we would require that 5971 = f3, a contradiction.
The latter case requires 1¥ = 2, i.e. 19 = 3, but then g = h™!, a contradiction.

Next assume that there exist g,h € G with gh = hg with at least one of g
and h not having order 2. Further, (g) N (h) = Id. We assume without loss
of generality that |g| # 2, say ¢ = (1203 ... 0n) (4100420043 . .. Qoy)* for
3<n<5and o; € Q. We may assume also that al,; = a;. The condition
hg = gh then implies that h = (@111 — @pioaa—). It is an easy matter to
check that A = {ay, a9, an i1} ~ A" = {9, @y, nyo}. If AF = A’ for some
k € G, then of is equal to a1 Or o, ie. k= g 'h™' or k = h™!. But

a%ilhil = a4 and so k # g~ 'h~!. Furthermore, if k = h~!, then for AR = A
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we would need that h = (a, 1200, 101 —) and so g = h=2. Clearly then |h| > 6,
a contradiction. O

Let 7y be the class of all finite groups for which the following three properties

hold:
To(i) If G belongs to 7y, then |G| divides 2% - 3 - 5, for some a € N.
7o(ii) The elements belonging to a group in 7y have order at most 5.
To(iii) If g # h belong to a group in 7y and satisfy g?> = h% # Id, then g = h™~!
and g, h have order 4.

So 7y is closed under subgroups. Elementary abelian 2-groups are in 7, so are
Alts and the dihedral group of order 8. The precise nature of 7y will be analysed
in the last chapter where we show that 7; is indeed the family £y mentioned in
the Introduction.

Theorem 5.3. Let (G,Q) be a finite semiregular permutation group with 1 < |G|
and 6 < |Q|. Then p(G,Q) =3, if and only if G € Ty.

Proof. Suppose that p(G,Q) = 3 with G finite. Then |G| = 2% - 3% . 5¢ for some
a,b,c € N by Lemma 5.1. Now we show that b,c € {0,1}. Assume for example
that b > 2. Let P5 be a Sylow 3-subgroup of G, so Z(Ps) # 1. Let g € Z(Ps),
so |g| = 3! for some integer [. By Lemma 5.1 it follows that |g| = 3. Now take
h € P3\ (g}, so |h| = 3 also. Then gh = hg and clearly (g)N(h) = Id, contradicting
Lemma 5.2.

Therefore |G| divides 2% - 3 - 5 for some a € N. Lemma 5.1 implies that all
elements in G have order at most 5. Then it follows from Lemma 5.2 that there
does not exist elements g,h € G with g2 = h? # Id and g # h~', and this gives
the property 7y (iii). Hence G € Tp.

Conversely, let G € 7y be semiregular on 2. First we show that all Q-subsets
of cardinality 3 are reconstructible. For assume the contrary. Then by Lemma 5.2
there exist distinct g, h € G with at least one of the following cases holding:

1) g2 = h? # Id with g # h™!, or

2) gh = hg with at least one of g and h not having order 2, and (g) N (h) = Id.
We need to consider only the second case. Let H := (g, h) and suppose that g has
order 3, 4 or 5. As H = C)4 x C},) we have that |g||h| divides 2¢-3-5, and as each
element in H has order at most 6, only the possibilities |g| = 4 = |h| or |g|] = 4,
|h| = 2 remain. In the first case note that g2 = (gh?)? # 1 so that g = (gh?)~!,
a contradiction. Similarly, in the second case, g?> = (gh)? # 1 so that g = (gh)™!,
contradicting (g) N (h) = Id.

So p(G,Q) # 4. We know that if p(G,) = 5, then G contains a copy of Q
acting regularly, on say ; C Q. It can be checked that Q acting regularly has
non-reconstructible set of cardinality 3. Thus we must have p(G, Q) = 3. O

Finiteness of the group is not really essential and infinite semiregular groups
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can be dealt with in a similar fashion. For this let 7 be the class of all infinite
groups G for which

7 (i) every element in G has finite order,

7 (ii) every finite subgroup of G belongs to 7y, and
T (iii) if g, h € G satisfy g = h? # Id, then g = h~! and g, h have order 4.
(So any element belonging to a group in 7 has order at most 5, by 7 (ii), and it
may be that 7 (iii) is already contained in 7 (ii) though this is not immediately
clear.)

Theorem 5.4. Let (G,Q) be an infinite semireqular permutation group. Then
p(G, Q) =3, if and only if G € T.

Proof. If G € T acts semiregularly on €2, then the second part of the proof of
Theorem 5.3 applies verbatim and so we have p(G, ) = 3.

Suppose therefore that p(G, ) = 3. Then 7 (i) and 7 (iii) follow identically as
in the proof of Theorem 5.3. It remains to consider the case when H is a finite
subgroup of G. Here select some union Q* of H-orbits with 6 < |Q*| < oo and
regard (H,*) as a finite semiregular permutation group. Then 3 < p(H,*) < 5.
If 3 = p(H,Q*), then apply Theorem 5.3 and the result follows. Hence it remains
to rule out that 4 < p(H,Q*) < 5.

This can be done as follows. Consider the possibility p(H,2*) = 4 first. Sup-
pose that I', I C QF are H-hypomorphic sets of size 4. Then I', I'* are G-
hypomorphic and hence G-isomorphic. Without loss of generality we can assume
that T' = {1,2,a}, I'" = {1, 2, 6} and that the G-isomorphism is afforded by g € G
where g = (12)(af)* or ¢ = (@218—). In either case there are then h; € H,
1 <4 < 2 which afford the maps h; : '\ {i} — I'"*. Each of them is fixed-point-free
and each pair has fixed-point-free quotient. Going through the various possibili-
ties, check that each time there is some expression h in the h;’s for which g~ 'h
or gh has a fixed point. Hence g~ 'h = 1 or gh = 1 so that g € H and T, I'* are
H-isomorphic. This shows that p(H,Q*) # 4. The possibility p(H,Q*) = 5 can
be ruled out in a similar fashion or by using Theorem 4.2. O

6. Conclusion and applications

We begin by examining 7y more closely. Let G be in 7j and let g € G have order
# 2. Suppose there is some ¢ € Ci(g) \ (g). Then by 7y(ii) the only possibilities
are |g| = 4 and |¢| = 2 or |c|] = 4. In the first case g?> = (gc)? # 1 so that
g1 = ge by Ty(iii) which is a contradiction. In the second case apply 7o (iii) to

g% = (9c®)? # 1 resulting in g=* = gc?, thus g = ¢ whereby 7Ty (iii) gives g~ = ¢,
again a contradiction. Hence

Lemma 6.1. Let G belong 7y and suppose that g € G has order # 2. Then
Calg) = (9)-
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Lemma 6.2. A 2-group belonging to Ty is elementary abelian, cyclic of order 4
or dihedral of order 8.

Proof. Let S € Ty be a 2-group and let g € S have order 4. If S is abelian, we
are done, S = (g) by Lemma 6.1. In the other case, when z € Z(S) # S is an
involution, Lemma 6.1 implies z = g2. Hence any two elements of order 4 have
the same square and 7y (iii) says that there is only one subgroup C of order 4. The
remainder is clear, S/C' acts faithfully on C and so |S| = 8. O

Lemma 6.3. Let G be solvable. Then G is in Ty, iff G is a subgroup of one of the
following:

(i) the semi-direct product V - C where V is elementary abelian of order 2™ for
somen € N and C has order 3 or 5 acting fix-point-freely on V;
(ii) the holomorph Hol(C') with C cyclic of order 3, 4 or 5, thus [Hol(C)| = 6,
12 or 20,
(iii) the symmetric group Sym(4).

Proof. Tt is evident that the groups in (i)—(iil) satisfy 7o(i)—Zo(iii). So consider
the converse and suppose that G belongs to 7g. If |G| is not divisible by all three
primes, then it is easy to check from Lemma 6.1 and Lemma 6.2 that G is contained
in one of the groups under (i)—(iii).

To rule out the case when |G| = 2" -3 -5 with n > 0 select a composition
series of G and select in it the largest subgroup H whose order is divisible by two
primes only. Then H is one of the groups mentioned under (i)—(iii) and without
loss we may assume that H is normal in G with |G : H| = p being the remaining
prime. The case when H C Hol(C) or Sym, can be ruled out easily. Similarly,
when H = V - C then it is easy to show that the Sylow-p-subgroup does not act
fix-point-freely on V. ]

It remains to consider the case when G in 7j is not solvable, of order |G| =
2" .3 -5 with n > 2. Let S be the Sylow-2-subgroup of G. The cases where
S is cyclic or dihedral can be ruled out easily and so S is elementary abelian
by Lemma 6.2. It follows from Lemma 6.1 and Burnside’s transfer lemma that
N := Ng(S) D S. So G has a representation of degree |G : N| = 3 or 5. From
the insolvability of G it follows that |G : N| = 5 and G/K = Alts where K is
the kernel of this representation. Thus K is elementary abelian of order 272,
Consider C := Cg(K), a normal subgroup of G. As K C S C C we have C = G.
This contradicts Lemma 6.1 unless C = 1. Hence in fact G = Alts and we have
proved

Lemma 6.4. Suppose that G in Ty is not solvable. Then G is isomorphic to Alts.

Proof of Theorem 1.1 and 1.2. Lemmas 6.3 and 6.4 show that the groups in 7
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are in fact those of £y mentioned in the introduction. The result therefore follows
from Theorems 4.2, 5.3 and 5.4.

We note two corollaries. The first concerns Hamiltonian groups and is due to
Mnukhin [13]. The non-abelian Hamiltonian groups are all of the form Q@ xU x C*
for 0 < m and an abelian group U of odd order, see [5].

Corollary 6.5. The reconstruction index of an abelian group of order at least 6
acting faithfully is equal to 4, unless the group is an elementary abelian 2-group
in which case the index is equal to 3. The reconstruction index of a non-abelian
Hamiltonian group is equal to 5 in any faithful representation.

Corollary 6.6. If G has odd order > 6 and acts semireqularly on ), then
p(G,Q) =4.
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