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§1 INTRODUCTION

- Let P be a set of v points and B8
a set of b £focks disjoint from P, both
finite. When I 1is some non-empty subset
of P B we say that a point p 1s inedi-
dent with a block 4 if (p,4) belongs. to
I. The triple §= (P,3,I) is called an
incidence structure.

Once the points and blocks of § are
arranged in some way we define the inci-
dence matrix 8 as follows : its rows are
indexed by P, its columns by 3, so that
the (p,4)-entry is 1 if p, 1is incident
with 4 and is O otherwise. The 4pec-
taum of § , denoted by spec(S), now is
defined as the collection of all eigenva=
Jueg with multiplicities of the matrix
5-8T, Note that the spectrum does not de-
pend upon the particular way in which points
and blocks are arranged as this corresponds
to conjugation of S-8T by a permutation
matrix., The v elgenvalues in the spectrum
are all non-negative and real as s.sT is
a symmetric and positive semi-definite ma-
trix. By the Frobenius~Perron Theorem its
maximal eigenvalue appears with multiplici-
ty 1 if S 4is connected (in the usual
sense).To avoid ambiguity let always v<b.

In an earlier paper [2] we have inves-
tigated the spectrum in terms of tactical
decompositions of the structure. In the
present note we arg concerned with spectral
properties of S.S and related matrices
in terms of the automorphisms of the struc-
ture. In section 3 we shall see that cer-
tain theorems about graph spectra hold for
incidence structures in general.

§2 SPECTRA AND AUTOMORPHISMS

An automorphism of § 1is a pair

(G,H) of permutation matrices such that
G+S = S:H . Here G, a v »v matrix , is
called the point action and H, a baxb
matrix , the 4fock action of the automor-
phism. These matrices represent permutations
of the point and block sets which preserve
incidence. The set of all such automorphisms
of § , with the obvious multiplication, is
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the automorphism group A(S). The group
of all point actions is denoted by ¢(S5),
the group of all block actions by H4(S).
Note that ¢(S) and #(S) are homomorphic
images of A(S). The point character w(G)
= trace(G) counts the number of points
fixed by an automorphism while the 4£Zfock
character B(H) = trace(H) counts the num
ber of blocks fixed. Both characters can
be expressed in terms of the distinct, over.
C irreducible characters Xiy..,Xs of
A(S) as
(1) =L mi-Xi y 0O <mjeZ , and
1

B=1ZInj*‘xy » 0 <njeZ .

We define d3 = xi(1) to be the degree and
mi (resp. ni ) the multiplicity of this
character. Clearly the sum of the products
mj+ d35 ( resp. ni. di ) 4is the number
of points (blocks) of § . The sum over the
squarest is the permutation rank t(§) and
r(#) of § and # respectively. If these
groups act transitively, then this rank is
the number of orbits of the stabilizer of
a point or a block.

We now introduce some further nota-
tion.For a given pair (mi,di) of integers
and a collection Aj of my+-dy real
numbers we say that Ai is %mi,di)-
partitioned if this collection contains at
most mji values each appearing with multi-

licity a multiple of di . For a given set
?(mi,di)l 1<i<s } a collection A  is
{(mi,di)}-parfitioned if A can be arranged
in subcollections Ai,..,Aji,..,Ag such
that each Aj is (mj,dj)-partitioned.

For a square matrix ‘A in general
spec(A) denotes the collection of its
eigenvalues, with multiplicities. The
roint degree matnix of a structure is the
vxv diagonal matrix D whose (p,p)-entry
is the number of blocks incident with , .
The #fock degree matrnix is the b xb matrix
D’ defined correspondingly. The matrix of
all 1‘s and appropriate size is denoted
by J.

s
i.e. (mi)2 and (nj)?2 respectively.



THEOREM: Let S be an incidence structure
with incidence matrix S and automorphism
group A(S).Suppose that the point and the
block characters are decomposed as in (1)
in terms of irreducible characters of 4/§)
over ©: Then the spectrum of an¥ matrix A
in the algebra generated by 5.8 , D (the
point degree matrix), the identity matrix
and the J-matrix is {(mj,dj)}-partitioned.

Similarly, when 4’ _is a matrix in the alge-
bra generated by S1-S , D (the block de-
gree matrix), the identity matrix and the
J-matrix, then spec(A”) is {(nji,dj)}-par-

titioned.

PROOF: 1.Let (G,H) be an_automorphism of
S .As GeS =8-H also 8T.gT = HT.ST go
that (G-S)«(sT.gT) = s.(H.HT).s8T ., Since

G and H are_permutation matrices we

have that 5.5 commutes with all point
actions of the automorphism group. The same
is true for the point degree matrix and ,
trivially for the identity and J-matrices.
Therefore a matrix A as in the theorem
commutes with all G in §&rS).

2.Corresponding to the decomposition
(1) of the point character there is a uni-
tary matrix U (see for instance §29 in
Wielandt [3]) such that U.G.UT for all G
in GrS) has the following diagonal form

(Gx
‘. mi times
.Gl 0
(2) . :
0 ‘Gg
. mg times
GSJ
where G —> G; (a dj =dy matrix) is the

irreducible representation corresponding to
the character i .

3.As A commutes with all G., U.a.Ut
commutes with all matrices of the form (2).
Hence, by Schur’s Lemma U-A-Ul has the
form
A,

(3) ‘.

Ag

where A; (a square matrix of size mj-dy)
is the tensor product of some (mi x mj)
matrix Mj with the identity matrix of size
di . Thus spec(Ai) consists of the eigen-
values of M; , each repeated d; times, i.
e. spec(A;) is (mifdi -partitioned. Thus
spec(A) = spec(U-A-Ul) has the required
property.

4.The result for A’ follows in preci-
sely the same way. QED .
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§3 CONSEQUENCES OF THE THEOREM

We retain the notation of the previous
section. The duaf of § , denoted by §’=
(P;B;I°) 1is the structure obtained from §
by interchanging the réle of points and
blocks : P’= 8 , ‘= with incidence
as in § . In [2] , theorem 4.2 , it is shown
that spec(S” ) is obtained by appending
b-v zeros to the spectrum of § . This fact
together with the theorem , applied to A =
S.8T 'and A’= 8T.s, gives the first part
of the following

COROLLARY 1: (a) The spectrum of § 1is
{(mj,d;)}-partitioned and when b-v zeros
are appended to it also {(ni,di)}—partitio-
ned.

(b) The linear rank of S over @ is an
integer of the form a; -dj+ ... + ag-dg
where aj < mjy or where aj < nj for all
i=1,..,s.

PROOF: (b) Clearly if x-S = 0 for some real
v-vector x_then x:(S-ST) = 0. Conversely
let y-(S:ST) = 0. Then (y-8):(y-8)T = o

so that y.S = 0 . Therefore S and §.8T
have the same kernel and hence the same
rank r over @ . As r is the number of
non-zero values in spec(S) or spec(S’)
the result follows from (a). QED .

We say that §
for any pair pi, pp
Pisd1y.ee, /’i)Ki seey /?er
and pj are incident'witﬁ
i=1,..,r .

is point-connected if
of points there are
such that p;_q
4; for

COROLLARY 2: For a point-connected structure
the maximal eigenvalue in its spectrum (or
in the spectrum of its dual)-has multipli-
city 1 .

PROOF: Let A = S.ST . As § 1is connected
some power of A has strictly positive
entries. Hence the Frobenius-Perron Theorem
(see for instance theorem 0.3 in [1
implies that the maximal eigenvalue of that
matrix , and hence of A, has multiplicity
one., QED .

The condition on the connectedness is
essential as there are many structures with
repeated maximal eigenvalue that are not
connected.

COROLLARY 3: Suppose that the multiplicities
mj in (1) are all at most 1. Then a ma-
trix A as in the theorem can be written
as a linear combination of the class matri-
ces of grS).

A class matrix is defined as the sum
over all matrices in a conjugacy class
of G¢S). For a proof of the corollary see
theorem 29.8 in Wielandt’s book.
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COROLLARY 4: Let a matrix A as in the
theorem have (at least) t distinct eigen-
values. Then

(a) t <zmy
{(b) t < r(g§ , the permutation rank of G,
(¢) If t=r(g) then mjy <1 for all i,

() If t=v then g(S5) is an elementa-
ry abelian 2-group.

s
b

PROOF:(a).This follows from the theorem.

(b)-(c).As r(g) = £ (m3)? we have
t < r(g) with equality only if mj < 1
for all i = 1,..,8 , by part (a).

(d).Let x be a real eigenvector for
A . As A commutes with all point actions
and as the eigenvalues of A are all dis-
tinet , it follows that x also is an ei-
genvector for every G in G(S) with real
eigenvalue ug . As this eigenvalue also is
a unit it follows that Mg =+ 1 so that
G2 is the identity. This proves that g(S§)
is an elementary abelian 2-group. QED .

For a graph theorist the spectrum of
a graph usually means the sequence of ei -
genvalues of its adjacency matrix, i.e. of
A =8.8T - D where D is the degree
matrix of the graph. With this specializa-
tion the above corollaries are standard
theorems about graph spectra , see for in-
stance theorems_5.1, 5.8, 5.9 etc. in
chapter 5 of 51]. Some of the results there
about simple (non-maximal)eigenvalues -
giving structural information about the
graph - can be adapted for incidence struc-
tures in general.

We remark here also that the spectrum
does not identify the isomorphism type nor
the automorphism group of a structure. A
strong form of this statement is known_as
Babai’s theorem.(See theorem 5.13 in [1].)

We conclude with some remarks about
structures whose automorphism group has
small permutation rank on points. It is
known in general that if r(§) does not
exceed 5 then the multiplicities of the
permutation character are all at most 1
(with the only exception that § fixes a
single point and is doubly transitive on
the remaining points).Thus - apart from the
exception- § in particular is transitive

on points. For the remainigg two corollaries

let A be the matrix S-S-.

COROLLARY 5: Let A(S) have rank 2 on
points. Then A = x.J + y+I where x + y
is the degree of a point and x is the
number of blocks joining distinct points.

PROOF: The algebra of all matrices commuting

with all G in G¢S) has dimension r(g)
= 2 , see proposition 29.2 in Bi . Hence
A is a linear combination of the identity
and the J-matrix . The remainder follows

easily. QED .

Note that y = 0 in the last corollary
implies that A consists of"a "gingle!
block repeated x times.Otherwise rank(S)=w

COROLLARY 6: Let A(S) have rgnk 3 on
points, w7 =1+ ¢ + X.Then A is a linear
combination of A , the identity and the
J-matrix . Furthermore the rank of S over
Q is of the form 1+ ¢(1) + x(1) or

1+ v(1).

PROOF: Here the dimension of the algebra of
all matrices commuting gith the point ac-
tion is three so that A< 1is linearly de-
pendent on A , J and the identity. If

the rank of S 1is one then the block set
consists of a single repeated block. This
would allow the full symmetric group to act
on the point set. Thus , by corollary 1 ,
the rank has the given form. QED .

Examples with rank(S) < v are provi-
ded by bipartite graphs with point-transitive
automorphism group acting doubly transitive-
ly on the pointsof each part.
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